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We study possible restoration patterns of chiral symmetry in a generalized hidden local symmetry
model, which is a low energy effective theory of QCD including pseudo-scalar, vector and axial-vector
mesons. We derive Wilsonian renormalization group equations and analyze the running couplings
and their fixed points at the chiral restoration point. We find three types of the chiral restoration,
which are classified as the standard, vector manifestation and intermediate scenarios, respectively.
It turns out that the rho and A1 meson become massless and their decay into pion is suppressed
in all the restoration patterns. The each restoration scenario violates or fulfills the vector meson
dominance at the critical point in a different manner, which may reflect on the contributions from
the pion to the dilepton spectrum.
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I. INTRODUCTION
Dynamical chiral symmetry breaking is the most remarkable nonperturbative phenomenon in QCD together with
confinement. One of the most important goals in hot and/or dense QCD is to understand how chiral symmetry
restores at high temperature and/or density, which is commonly believed to be true. Then, it is crucially important
to understand how hadrons change their properties in hot and/or dense matter, since it is what one observes in
the actual experiments. Along these lines there have already been many theoretical as well as experimental works
[1, 2, 3, 4, 5, 6, 7].
Theoretically, the properties of pseudo-scalar mesons are determined by the chiral symmetry through low-energy
theorems since pseudo-scalar mesons are considered to be approximate Goldstone bosons, while the properties of other
mesons are not directly controlled by the symmetry alone. An interesting possibility, the vector manifestation (VM),
has recently been proposed by Harada and Yamawaki [8], in which the vector meson becomes the chiral partner of
the pseudo-scalar meson when the chiral symmetry is restored and provides a theoretical basis for Brown-Rho scaling
[9], i.e. the dropping of the vector-meson mass in hot and/or dense matter. The VM is based on the hidden local
symmetry (HLS) by Bando et al. [10, 11, 12, 13, 14], which is a symmetry not manifest in the QCD lagrangian but
is assumed to be dynamically generated, and vector mesons are introduced as gauge bosons associated with the HLS.
Though there had been a long history before the work of Bando et al. [15, 16, 17, 18, 19, 20], in trying to incorporate
vector mesons as gauge bosons in the low-energy effective field theory, the HLS made it possible to include vector
mesons in a systematic loop expansion of the chiral perturbation theory [22].
In the broken phase of the chiral symmetry the pseudo-scalar and axial-vector mesons are mixed with each other
while scalar and vector mesons are pure, when mesons are classified according to the representation associated with
light-front chiral charges [27, 28, 29, 30]. This mixing is expected to vanish in the symmetric phase and the mesons
form chiral doublets. It is usually believed that the scalar meson becomes the chiral partner of the pseudo-scalar
meson. This is called the ‘standard scenario’. There is, however, another possibility that the longitudinal part of the
vector meson becomes the chiral partner of the pseudo-scalar meson. This is the ‘VM scenario’ mentioned above.
Therefore, it is an interesting question, if the VM scenario is realized in the real world or not. The VM is claimed to be
realized in the HLS model at large number of flavors in ref.[8, 23, 24] by Harada and Yamawaki, at high temperature
in ref.[25] by Harada and Sasaki and at high density by Harada, Kim and Rho in ref.[26] . There argument goes
as follows. The parameters of the HLS are determined from QCD by the Wilsonian matching proposed in ref.[24],
namely by matching the vector and axial-vector current correlators in the HLS model with those in the operator
product expansion (OPE) of QCD at the matching scale, Λ. Then, they obtain the parameters of the HLS at lower
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2physical energy by letting the parameters run from the scale, Λ, according to the renormalization group equation
(RGE). Now, when the chiral symmetry is restored, the vector and axial-vector current correlators must coincide with
each other. When the parameters of the HLS run according to the renormalization group equation, this condition
is always satisfied while the pion decay constant, which is non-zero at the matching scale, Λ, goes to zero at lower
energy, i.e. on-shell. In the HLS model, the condition that the vector and axial-vector current correlators coincide
together with the vanishing pion decay constant leads to the VM, because only the pseudo-scalar and vector mesons
are included in the model [8]. Thus, it was concluded that the VM is realized in the symmetric phase.
These works, however, are not fully satisfactory in a sense that the model of the HLS includes only the pseudo-scalar
and vector mesons but neither scalar nor axial-vector mesons. Namely, from the very beginning the possibility of
realizing the standard scenario seems to be excluded. Thus, a natural question is what happens if one includes the
axial-vector and scalar mesons into consideration. The purpose of this paper is to give a partial answer to the question
by employing the generalized hidden local symmetry (GHLS) model [11, 31], which includes the axial-vector meson
in addition to the pseudo-scalar and vector mesons. We analyze the renormalization group equation in the GHLS
model and investigate which scenario is realized in the chiral symmetric phase. It should be noted that importance of
the axial-vector meson is stressed from the viewpoint of the large pi − A1 mixing and also of recent results of STAR
collaboration [32, 33].
The paper is organized as follows. The concept of GHLS is introduced in sec. II. The Wilsonian matching for the
GHLS model is performed in sec. III. The renormalization group equations and their fixed points are given in sec.
IV. Possible restoration patterns are examined in sec. V. Sec. VI is devoted to the summary of the paper. The actual
calculation to obtain the coefficients of the renormalization group equations is extremely complicated and only the
results are shown in sec. IV. We provide the minimum necessary information in order to reproduce the results in
Appendix, still which is very long.
II. HIDDEN LOCAL SYMMETRY
The concept of the hidden local symmetry is that a symmetry, which is not manifest in the fundamental theory, is
dynamically generated in the effective theory. The QCD with Nf massless quarks and its low-energy effective theory,
the non-linear sigma model shares the same global symmetry, Gglobal = SU(Nf )L × SU(Nf )R, under which the pion
field U is transformed as
U → U ′ = gLUg†R,
where gL,R ∈ Gglobal. In a model of the generalized hidden local symmetry with Glocal = SU(Nf )L × SU(Nf )R, the
vector and axial-vector mesons are introduced as gauge bosons associated with the hidden local symmetry [11, 31].
Gglobal × Glocal are spontaneously broken down to global symmetry Hglobal = SU(N)V. The vector and axial-
vector mesons acquire masses through the Higgs mechanism with spontaneous breaking of the GHLS. We define
representatives ξL,R,M in the quotient space Gglobal × Glocal/Hglobal such that U = ξ†LξMξR, and hidden local gauge
bosons, VL,R. These fields, ξL,R,M and VL,R, are transformed under Gglobal ×Glocal as
ξL,R → ξ′L,R = GL,R(x)ξL,R(x)g†L,R,
ξM → ξ′M = GL(x)ξM(x)G†R(x),
VL,Rµ → V ′L,Rµ = GL,R(x)VL,RµG†L,R(x)− i∂µGL,R(x)G†L,R(x), (2.1)
GL,R(x) ∈ Glocal. The covariant derivative for ξL,R,M are defined as
DµξL = ∂µξL − iVLµξL + iξLLµ,
DµξR = ∂µξR − iVRµξR + iξRRµ,
DµξM = ∂µξM − iVLµξM + iξMVRµ, (2.2)
where Lµ and Rµ are external gauge fields which are associated with the global symmetry Gglobal. The covariantized
1-forms,
α̂L,Rµ =
1
i
DµξL,Rξ
†
L,R, α̂Mµ =
1
2i
DµξMξ
†
M, (2.3)
and field strength,
F (L,R)µν = ∂µVL,Rν − ∂νVL,Rµ − i[VL,Rµ, VL,Rν ], (2.4)
3are mapped under the gauge transformations as
α̂L,Rµ → GL,R(x)α̂L,RµG†L,R(x),
α̂Mµ → GL(x)α̂MµG†L(x),
F (L,R)µν → GL,R(x)F (L,R)µν G†L,R(x). (2.5)
From these field and their transformations, the Lagrangian is constructed as seen in the following.
As far as the lowest-order derivative terms are concerned, the gauge invariance and even-parity condition cast the
Lagrangian into the following form in general;
L(2) = aF 2pi trα̂2Vµ + bF 2pitrα̂2Aµ + cF 2pi trα̂2Mµ + dF 2pi tr(α̂Aµ + α̂Mµ)2, (2.6)
where,
α̂Vµ =
1
2
(
ξMα̂Rµξ
†
M + α̂Lµ
)
, α̂Aµ =
1
2
(
ξMα̂Rµξ
†
M − α̂Lµ
)
. (2.7)
We can rewrite the Lagrangian by introducing α̂piµ ≡ α̂Aµ + α̂Mµ:
L(2) = F 2pi (atr[α̂2Vµ] + btr[(α̂piµ − α̂Mµ)2] + ctr[α̂2Mµ] + dtr[α̂2piµ])
= F 2pi (atr[α̂
2
Vµ] + (b+ c)tr[(α̂Mµ −
b
b+ c
α̂piµ)
2
] + (d+
bc
b+ c
)tr[α̂2piµ]). (2.8)
By renormalizing the pion field and appropriately rewriting the coefficients we obtain
L(2) = F 2pi (tr[α̂2piµ] + atr[α̂2Vµ] + βtr[(α̂Mµ − γα̂piµ)2]). (2.9)
The first term is nothing but the non-linear sigma model Lagrangian. The second and third terms correspond to
mass terms for vector and axial-vector mesons. pi −A1 mixing is controlled by the parameter, γ, which takes a value
between 0 and 1. Unless the kinetic terms of the gauge bosons are incorporated, the Lagrangian is reduced to the
non-linear sigma model as it should be in the low-energy limit. In fact, the equations of motion for Vµ and Aµ are
given by
Vµ =
1
2
(
ξ†Mµ(αVµ − αMµ + γαAµ)ξMµ + αVµ + αMµ − γαAµ
)
,
Aµ =
1
2
(
ξ†Mµ(αVµ − αMµ + γαAµ)ξMµ − αVµ − αMµ + γαAµ
)
, (2.10)
where fields αV,A,M are defined as α̂V,A,M with VL,R = 0. Substituting Eq.(2.10) into the Lagrangian Eq.(2.9) leaves
only the first term: L(2) = F 2pi tr[α̂2piµ].
The kinetic term of gauge boson is given by
Lkin = − 1
2g2
tr[(F (L)µν )
2]− 1
2g2
tr[(F (R)µν )
2]
= − 1
2g2
tr[(F (V)µν )
2]− 1
2g2
tr[(F (A)µν )
2], (2.11)
where
F (V)µν = ∂µVν − ∂νVµ − i[Vµ, Vν ]− i[Aµ, Aν ],
F (A)µν = ∂µAν − ∂νAµ − i[Vµ, Aν ]− i[Aµ, Vν ], (2.12)
with Vµ = (VRµ + VLµ)/2 and Aµ = (VRµ − VLµ)/2.
Here we parameterize the nonlinear fields as
ξR(x) = e
−ip(x)eiσ(x)eipi(x),
ξL(x) = e
ip(x)eiσ(x)e−ipi(x),
ξM(x) = e
ip(x)eip(x). (2.13)
4By expanding the Lagrangian up to quadratic terms of these components, we obtain
Lquad =F 2pi tr[(a(∂µσ)2 + (1 + βγ2)(∂µpi)2 + β(∂µp)2 + aV 2µ + βA2µ
− 2βγ∂µpi∂µp+ 2β(∂µp− γ∂µpi)Aµ − 2a∂µσVµ
− 2βγ∂µpAµ − 2βγAµAµ + 2(1 + βγ2)∂µpiAµ + 2a∂µσVµ − 2aVµVµ + aV2µ + (1 + βγ2)A2µ], (2.14)
with Vµ = (Rµ+Lµ)/2 and Aµ = (Rµ−Lµ)/2. Note that the field pi in this Lagrangian cannot be interpreted as the
physical pion because pi is mixed with p through the term −2βγ∂µpi∂µp and components of pi are partially absorbed
by Aµ. To resolve the mixing and identify the physical pion, we shift and rescale the field as p → (p/
√
β + γpi)/Fpi,
which leads us to
Lquad =tr[(∂µσ)2 + (∂µpi)2 + (∂µp)2 +Mρρ2µ +M2A1A21µ + 2Fp∂µpAµ − 2Fσ∂µσVµ
− 2FA1∂µpAµ − 2gβγF 2piAµ1Aµ + 2Fpi∂µpiAµ + 2Fσ∂µσVµ − 2agF 2piV µVµ + F 2σV2µ + (F 2pi + F 2A1)A2µ]. (2.15)
Here, other fields are also rescaled as
pi → pi
Fpi
, σ → σ√
aFpi
. (2.16)
The gauge fields, decay constants, gauge couplings and mass of the gauge fields are expressed as
ρµ = gVµ, A1µ = gAµ,
F 2σ = aF
2
pi , F
2
p = βF
2
pi , F
2
A1 = βγ
2F 2pi ,
M2ρ = ag
2F 2pi , M
2
A1 = βg
2F 2pi . (2.17)
III. WILSONIAN MATCHING FOR THE GHLS
Since the GHLS model is an effective theory of QCD, the parameters of the GHLS model can and should be
determined from QCD. In this section we apply the Wilsonian matching for the GHLS model [24, 35]. Following
ref.[24, 35], we adjust the vector and axial-vector current correlators in the GHLS model to the correlators in QCD
calculated by the operator product expansion (OPE). Here we assume the existence of an energy scale, Λ, above A1
meson mass where both the GHLS model and the OPE of QCD are applicable.
The vector and axial-vector current correlators are defined by
i
∫
d4xeipx 〈0|TJaµ(x)Jbν (0) |0〉 = −δabPµνΠV(Q2),
i
∫
d4xeipx 〈0|TJa5µ(x)Jb5ν (0) |0〉 = −δabPµνΠA(Q2), (3.1)
where Q2 = −p2 and Pµν = gµνp2− pµpν . These correlators are well described by the tree-level contributions around
the matching scale, Λ [24, 35]. In the GHLS model, the correlators up to O(p4) are given by
Π
(GHLS)
A (Q
2) =
F 2pi (Λ)
Q2
+
F 2A1(Λ)(1 − g2A1(Λ)z4(Λ)/γ(Λ))
M2A1(Λ) +Q
2
− 2z2(Λ),
Π
(GHLS)
V (Q
2) =
F 2σ (Λ)(1− 2g2ρ(Λ)z3(Λ))
M2ρ (Λ) +Q
2
− 2z1(Λ), (3.2)
where g2ρ(Λ) = g
2(Λ)/(1 + 2κ(Λ)), g2A1(Λ) = g
2(Λ)/(1− 2κ(Λ)), M2ρ (Λ) = g2ρ(Λ)F 2σ (Λ) and M2A1(Λ) = g2A1(Λ)F 2p (Λ).
κ, z1, z2, z3 and z4 are coefficients in the following Lagrangian of O(p4):
L(4)z =
κ
2g2
tr[F (L)µν ξMF
(R)µνξ†M] +
z1 + z2
4
tr[(F (L)µν )2 + (F (R)µν )2] +
z1 − z2
2
tr[F (L)µν ξ†LξMξRF (R)µνξ†Rξ†MξL]
+
z3 + z4
4
tr[ξLF (L)µν ξ†LF (L)µν + ξRF (R)µν ξ†RF (R)µν ] +
z3 − z4
4
tr[F (L)µν ξ†LξMF (R)µνξ†MξL + F (R)µν ξ†Rξ†MF (L)µνξMξR].
(3.3)
5On the other hand, the OPE in QCD leads to the correlators up to O(1/Q6) [36, 37] as
Π
(QCD)
A (Q
2) =
1
8pi2
(
−
(
1 +
αs
pi
)
ln
Q2
µ2
+
piαs
3
〈GµνGµν〉
Q4
+
1408pi3αs
81
〈q¯q〉2
Q6
)
,
Π
(QCD)
V (Q
2) =
1
8pi2
(
−
(
1 +
αs
pi
)
ln
Q2
µ2
+
piαs
3
〈GµνGµν〉
Q4
− 896pi
3αs
81
〈q¯q〉2
Q6
)
, (3.4)
where µ is the renormalization scale of QCD.
Now let us make the Wilsonian matching of Eq.(3.2) with Eq.(3.4) at the scale Λ. We note that the correlators in
Eq.(3.4) explicitly depend on the renormalization scale µ. To eliminate the explicit µ dependence, we consider the
difference, ΠA −ΠV , and the first derivative of the correlators. Then the matching condition for the difference is(
Π
(GHLS)
A (Q
2)−Π(GHLS)V (Q2)
)∣∣∣
Q2=Λ2
=
(
Π
(QCD)
A (Q
2)−Π(QCD)V (Q2)
)∣∣∣
Q2=Λ2
=
32piαs
9
〈q¯q〉2
Λ6
. (3.5)
The matching conditions of the first derivative for each ΠA,V are given by
−Q2 d
dQ2
Π
(GHLS)
A,V (Q
2)
∣∣∣
Q2=Λ2
= −Q2 d
dQ2
Π
(QCD)
A,V (Q
2)
∣∣∣∣
Q2=Λ2
, (3.6)
where
−Q2 d
dQ2
Π
(GHLS)
A (Q
2)
∣∣∣∣
Q2=Λ2
=
F 2pi (Λ)
Λ2
+
Λ2F 2A1(Λ)(1− 2g2A1(Λ)z4(Λ)/γ(Λ))
(Λ2 +M2A1(Λ))
2
,
− Q2 d
dQ2
Π
(GHLS)
V (Q
2)
∣∣∣∣
Q2=Λ2
=
Λ2F 2σ (Λ)(1 − 2g2ρ(Λ)z3(Λ))
(Λ2 +M2ρ (Λ))
2
, (3.7)
and
−Q2 d
dQ2
Π
(QCD)
A (Q
2)
∣∣∣∣
Q2=Λ2
=
1
8pi2
(
1 +
αs
pi
+
2piαs
3
〈GµνGµν〉
Λ4
+
1408pi3αs
27
〈q¯q〉2
Λ6
)
,
− Q2 d
dQ2
Π
(QCD)
V (Q
2)
∣∣∣∣
Q2=Λ2
=
1
8pi2
(
1 +
αs
pi
+
2piαs
3
〈GµνGµν〉
Λ4
− 896pi
3αs
27
〈q¯q〉2
Λ6
)
. (3.8)
When the chiral symmetry is restored, the vector current correlator coincides with the axial one due to 〈q¯q〉 → 0:(
Π
(GHLS)
A (Q
2)−Π(GHLS)V (Q2)
)∣∣∣
Q2=Λ2
→ 0. (3.9)
The derivatives of the vector and axial-vector correlators of Eq.(3.8) become also identical with each other. We
emphasize that their values are finite but nonzero because (αs/pi)〈GµνGµν〉 may not vanish at the restoration point.
This implies
F 2pi (Λ) +
F 2A1(Λ)(1− 2g2A1(Λ)z4(Λ)/γ(Λ))
(1 +M2A1(Λ)/Λ
2)2
6= 0,
F 2σ (Λ)(1 − 2g2ρ(Λ)z3(Λ)) 6= 0. (3.10)
With the parameters obtained by the Wilsonian matching, the low-energy parameters such as on-shell ρ meson mass
are derived by the renormalization group. We discuss more detail of the restoration of chiral symmetry in sec.V.
IV. RENORMALIZATION GROUP EQUATIONS
In the HLS model, quantum effects on couplings have been studied by the renormalization group [23, 34]. It was
pointed out that the quadratic divergence plays an important role in the chiral transition, especially in connection
with the large Nf QCD [23]. Quantum corrections to the bare parameters suggest a violation of the vector meson
dominance. Following this argument in the HLS model, we consider the renormalization group for the couplings in the
6GHLS model to estimate quantum effects and find fixed points. To this end, we introduce dimensionless parameters
for convenience;
x(µ) =
Nf
(4pi)2
µ2
F 2pi (µ)
, G(µ) =
Nf
(4pi)2
g2(µ). (4.1)
By calculating one-loop diagrams contributing to the bare couplings as shown in Appendix, we obtain renormalization
group equations for the parameters as
µ
dx
dµ
= x
{
2− x
(
2− a+ 2γ2 + 2aγ2 − aγ
2
β
− βγ
2
a
− aγ4
)
(4.2)
+
3
2
G
(
a2 − aγ2 − 2a2γ2 + a
2γ2
β
− βγ2 + β
2γ2
a
+ a2γ4
)}
,
µ
da
dµ
= x
(
1
2
− 2a+ 3a
2
2
+
a2
2β2
− 2aγ2 − 3a2γ2 + 2a
2γ2
β
+
3a2γ4
2
)
+
3
2
Ga
(
1− a2 + a
β
+ 2aγ2 + 2a2γ2 − a
2γ2
β
− βγ2 − a2γ4
)
,
µ
dβ
dµ
= x
(
2− a
β
− 2β + aβ − 2βγ2 − 2aβγ2 + 2β
2γ2
a
+ aβγ4
)
+
3
2
G
(
−3a+ a
2
β
+ 4β − a2β − aβγ2 + 2a2βγ2 + 2β2γ2 − β
3γ2
a
− a2βγ4
)
,
µ
dγ2
dµ
= 2xγ2
(
1
a
+
a
β2
− 2
β
− a
β
+
aγ2
β
)
+ 3Gγ2
(
−1− a− a
2
β2
+
2a
β
+
a2
β
+ aγ2 − a
2γ2
β
)
,
µ
dG
dµ
=−G2
{
44
3
− 1
24
(
5 + a2 +
a2
β2
− 2a
β
− 2aγ2 − 2a2γ2 + 2a
2γ2
β
− 2βγ2 + 2β
2γ2
a
+ a2γ4
)}
. (4.3)
If we take a limit of β →∞ and γ → 0, the above RGEs for x and a do not receive contributions from the A1 meson
and are reduced to those in the HLS model. However, it is not the case for G, because the number of the gauge fields
in the GHLS model is different from that in the HLS model and the loop contributions of the field p remain in the
limit. This is due to the cancellation between the overall decay constants in the Lagrangian and denominators in the
power series of the fields. In the next section we examine these equations for fixed points to discuss the properties on
the chiral-transition point.
V. RESTORATION PATTERN
The chiral restoration is characterized by the condition that the on-shell pion decay constant vanishes, Fpi(0)→ 0.
That is to say the non-vanishing of the dimensionless parameter x(µ) defined in Eq.(4.1) in the low-energy limit:
x(0) 6= 0. (5.1)
Inversely, x(0) = 0 means a broken phase because of Fpi(0) 6= 0 and is excluded from the parameter sets associated
with the restoration point. In addition to Eq.(5.1), we analyze the restoration patterns of chiral symmetry using the
vector and axial-vector current correlators. When the chiral symmetry is restored, the vector current correlator should
be equal to the axial vector one, not only at the matching scale Λ as shown in Eq.(3.9) but also at the low-energy
region less than Λ. Accordingly, at the restoration point we require equality of these correlators;
ΠV(Q
2) = ΠA(Q
2), (5.2)
for Q2 ≤ Λ2. Since the HLS model includes of only pi and ρ, the equality of correlators and Wilsonian matching
uniquely bring about the VM scenario [8, 35]. In the GHLS model, however, other possibilities exist. Actually
considering the restraints on the decay constants of Eq.(3.10), Eq.(5.2) gives z1(µ) = z2(µ) and preserves the following
three possibilities:
(I) M2ρ (µ) =M
2
A1(µ), F
2
A1(µ)(1 − 2g2A1(µ)z4(µ)) = F 2σ (µ)(1− 2g2ρ(µ)z3(µ)) and F 2pi (µ) = 0, (5.3)
(II) M2ρ (µ) = 0, F
2
σ (µ)(1 − 2g2ρ(µ)z3(µ)) = F 2pi (µ) and F 2A1(µ)(1 − 2g2A1(µ)z4(µ)/γ(µ)) = 0, (5.4)
(III) Mρ(µ) =MA1(µ) = 0 and F
2
pi (µ) = F
2
σ (µ)(1 − 2g2ρ(µ)z3(µ))− F 2A1(µ)(1 − 2g2A1(µ)z4(µ)/γ(µ)). (5.5)
7In order to determine whether each of the above possibilities can be realized, we require that the restoration condition
is satisfied for any energy below the matching scale. This demands that each of Eqs. (5.3)-(5.5) is renormalization-
group invariant.
Let us begin with the case (I). Eq. (5.3), F 2pi (µ) = 0 implies that the power expansion of p
2/(4piFpi(Λ))
2 breaks
down. Therefore, the first possibility is inconsistent with the one-loop approximation adopted in this analysis and is
not studied further.
Next, we consider the case (II). From Eq. (5.4) we obtain
g2 = 0, a = 1, βγ2 = 0, (5.6)
for any µ less than the matching scale. Since the renormalization group equations for these quantities are rendered as
µ
dG
dµ
= 0, µ
da
dµ
= x
1
2β2
, µ
d(βγ2)
dµ
= xγ2(−4 + 1
β
+ 2γ2), µ
d(z1 − z2)
dµ
=
Nf
(4pi)2
1
24β2
, (5.7)
Eq.(5.6) with z1(µ) = z2(µ) results in β → ∞ and γ = 0 for any µ. As we take a low energy limit µ → 0, other
parameters are also expected to be in a fixed point. Considering the above conditions together with the RGE for x
µ
dx
dµ
= x(2− x), (5.8)
the non-trivial fixed point is found to be (x, a, β, γ2, G) = (2, 1,∞, 0, 0). This fixed point corresponds to the VM, in
which Mρ → Mpi = 0 and Fσ/Fpi → 1. We note that a combination of βγ2 remains to be zero as β → ∞ and γ → 0
from Eq.(5.6) and hence FA1 = 0. We can say that A1 is decoupled to the system in this case and the GHLS model
is reduced to the HLS model at the restoration point.
Finally, we discuss the case (III). Note that the second condition of Eq.(5.5) is nothing but the first Weinberg sum
rule which is saturated by the pole terms [38]. From Eq.(5.5) we obtain
g2 = 0 and a− βγ2 − 1 = 0, (5.9)
for any µ less than the matching scale. The RGEs for these quantities are given by
µ
dG
dµ
= 0, µ
d(a− βγ2 − 1)
dµ
= −x(1 − γ
2)a2 − 2a+ 1
2(1− a)2 , µ
d(z1 − z2)
dµ
=
Nf
(4pi)2
(1− γ2)a2 − 2a+ 1
24(1− a)2 . (5.10)
From these, we can see that a parameter set of a = 1/(1 − γ) and β = 1/((1 − γ)γ) makes Eq.(5.9) invariant under
the renormalization group. Here we note that this parameter set satisfies the first and second Weinberg sum rules at
O(p2) even if we take a nonzero g [39]. Under these conditions, remaining RGEs for x and γ2 become
µ
dx
dµ
= x(2− (1 − 2γ + 3γ2)x), µdγ
2
dµ
= 2γ2(1− γ)(1− 3γ)x. (5.11)
The parameters x and γ are expected to be in a fixed point in the low energy limit of µ → 0. Except for the trivial
fixed point of x = 0 with an arbitrary γ, we find three fixed points from Eq.(5.11),
(x, γ) =

(1, 1) (the standard type)
(2, 0) (the VM type)
(3, 1/3) (the intermediate type).
(5.12)
These fixed points are classified into the restoration types noted above according to the value of γ, because the pi-A1
mixing are basically controlled by γ as discussed in the next subsection. The parameters below the matching scale
and the fixed points are summarized for each restoration pattern in Table I.
Under the standard scenario, if a was in a fixed point at the matching scale, Fσ(Λ) would diverge and be inconsistent
with Eq.(3.10) because Fσ(Λ) must be finite. Thus we do not claim that the parameters are fixed on a fixed point at
the matching scale. Under the VM scenario in the case of (II), the parameters are on a fixed point and γ keeps taking
zero for µ lower than the matching scale. However, for the VM in the case of (III), γ does not vanish for a non-zero
µ and is not on any fixed points. Consequently, in the case of (II) A1 is decoupled in the bare Lagrangian, while for
the VM in case of (III) A1 remains to be dynamical at least near the matching scale. This difference is expected to
reflect on the spectrum of A1 as the chiral symmetry is restored.
80 < µ ≤ Λ fixed point (µ→ 0)
x a β γ ψ gγpipi
(II) VM a = 1, β =∞, γ = 0 ( βγ2 = 0 ) 2 1 ∞ 0 0 1/2
(III) VM 2 1 ∞ 0 0 1/2
Standard
{
a = 1/(1− γ),
β = 1/(γ(1− γ)) 1 ∞ ∞ 1 pi/2 0
Intermediate 3 3/2 9/2 1/3 arctan
√
2 1/3
TABLE I: Parameters and their fixed points for the restoration patterns. The gauge coupling is zero, g = 0, for these restoration
patterns. In the intermediate scenario, the fixed point is not realized in the limit of µ→ 0 unless the parameters are adjusted
at the matching scale.
Although the parameters may not be located on the fixed point at the matching scale, the couplings must be on
the critical line along which the renormalization-group flow enters into an infrared fixed point satisfying x(0) 6= 0.
The intermediate fixed point is on the critical line but an UV fixed point. It requires a fine adjustment to keep the
point realized in IR region, but no reason exists to justify such an adjustment. The restoration conditions put severe
constraints on the couplings, and without these conditions all of the fixed points become unstable. Unless Eq.(5.1) is
satisfied, a fixed point of the vector realization defined as x = 0 with Eq.(5.2) will be achieved [40].
It turns out that the gauge coupling becomes zero, g = 0, at the all fixed points satisfying the restoration condition.
This fact implies that ρ and A1 get lighter as the chiral symmetry is restored and eventually become massless at the
restoration point. This result is consistent with the Brown-Rho scaling [9].
A. The mixing angle
When mesons are classified by the light-front charge of the chiral group SU(Nf )L×SU(Nf)R in the broken phase,
the spontaneous breaking of the chiral symmetry mixes the pseudo-scalar meson with the longitudinal part of the
axial-vector meson while the scalar and vector mesons remain to be pure representations:
|σ〉 = |(N2f − 1, 1)⊕ (1, N2f − 1)〉,
|pi〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉 sinψ + |(N2f − 1, 1)⊕ (1, 8)〉 cosψ,
|ρ〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉,
|A1〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉 cosψ − |(N2f − 1, 1)⊕ (1, N2f − 1)〉 sinψ. (5.13)
The experimental values of the decay constants suggest that the mixing angle, ψ, takes ψ ≃ pi/4 assuming two light
flavors [27, 28]. As the chiral symmetry is restored, the mixing is expected to disappear and physical states become
pure representations because the light-front chiral charge commutes with the Hamiltonian [30]. It is non-trivial to
which representation the pion belongs. In the case that the pion belongs to (Nf , N
∗
f )⊕ (N∗f , Nf ) with ψ = pi/2, the
scalar meson becomes the chiral partner of the pion and we call it the standard scenario of the chiral restoration. In
the case that the pion belongs to (N2f − 1, 1)⊕ (1, N2f − 1) with ψ = 0, the pion and the longitudinal mode of the ρ
meson form a doublet, which is called the VM scenario [8].
In this section, we determine the mixing angle at the restoration point for each restoration pattern classified in the
above. We define the mixing angle in the GHLS model as the ratio of the pole residues for pi and A1 in the axial-vector
current correlator. These residues correspond to pi and A1 decay constants squared and the mixing angle is expressed
as
tan2 ψ =
F 2A1(M
2
A1
)(1− g2A1(M2A1)z4(M2A1)/γ(M2A1))
F 2pi (0)
= β(M2A1)γ
2(M2A1)(1 − g2A1(M2A1)z4(M2A1)/γ(M2A1)). (5.14)
At the restoration point, this expression becomes
tan2 ψ = β(0)γ2(0), (5.15)
due to MA1 = 0 and gA1 = 0. Therefore the mixing angle is controlled by the infrared behavior of the parameters
near the restoration point. Corresponding to the three fixed points discussed in the previous section, the mixing angle
at the restoration point is given by
Standard : tanψ →∞, VM : tanψ → 0, Intermediate : tanψ →
√
2. (5.16)
9As is expected, the mixing disappears at the standard and VM fixed points, but survives at the intermediate fixed
point. The intermediate fixed point should be excluded if we require that the mixing of pi and A1 is resolved at the
restoration point.
B. Pion form factor and vector meson dominance
The vector meson dominance (VMD) for the pion form factor is well established in the vacuum [16]. The pion form
factor in the GHLS model is written up to O(p2) as
Fpi
±
V (p
2) =
(
1− a
2
(1− γ2)
)
+
a
2
(1− γ2) M
2
ρ
M2ρ − p2
. (5.17)
The first term is the direct term, gγpipi, and the second term is the ρ meson exchange term. The VMD implies
gγpipi = 1− a
2
(1− γ2) ≈ 0. (5.18)
At the chiral restoration point, this coupling is expressed as
gγpipi(µ) =
1− γ(µ)
2
and its behavior at low energy is different according to the restoration patterns classified above. Under the VM
scenario in the case of (II) gγpipi takes a constant value of 1/2. In the case of (III), the coupling runs depending on
the parameter γ and shows (in)violation of the VMD in the infrared limit as
gγpipi →

0 (the standard type)
1/2 (the VM type)
1/3 (the intermediate type)
as µ→ 0. (5.19)
In the standard scenario the VMD is satisfied. The violation of VMD appears in the VM and Intermediate fixed
points.
On the other hand, gρpipi coupling is written by
gρpipi =
g
2
a(1− γ2). (5.20)
The coupling gρpipi becomes weaker as chiral symmetry is restored for all restoration patterns because the gauge
coupling diminishes. This implies that ρ becomes stable for the decay into two pions near the restoration point and
makes a sharp peak in the dilepton spectrum on the background from pions, universally.
The difference among the restoration patterns may be reflected on the pion background through the violation of the
VMD. The pion background in the dilepton spectrum is suppressed in the standard scenario, while the large violation
of the VMD leads to an enhancement of the background in the VM scenario. Thus observations of the dilepton
spectrum in the vector channel near the restoration point will ascertain the validity of the GHLS model adopted here
as well as the true restoration pattern in the real world.
VI. SUMMARY
In this paper we have studied possible patterns of chiral restoration employing the GHLS model, which includes
the axial-vector meson in addition to the pseudo-scalar and vector mesons. First, we obtained constraints on the
parameters of the GHLS by matching the vector and axial-vector correlators of the GHLS model with those in the
operator product expansion of QCD at a matching scale, Λ. Next, we derived renormalization group equations for
the GHLS model by calculating one-loop corrections to the two-point functions. Then, we examined behavior of the
parameters at low energy and searched for fixed points of them at the restoration point by the obtained renormalization
group equations. As the restoration conditions, we required the equality of the vector and axial-vector correlators
and the vanishing of the on-shell pion decay constant.
We found four patterns of the running parameters at the restoration point which flow to three fixed points. The
first fixed point correspond to the ‘standard scenario’, in which the vector and axial-vector mesons are degenerate.
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The second one is the ‘vector manifestation scenario’, in which the longitudinal part of the vector meson and the
pseudo-scalar meson are degenerate. In both these scenarios, the mixing of two representations associated with pi and
A1 mesons diminishes at the restoration point as expected. On the other hand, the third fixed-point is of a new type,
which can be regarded as the ‘intermediate scenario’ in a sense that the mixing remains even at the restoration point.
It is noted, however, that this fixed point is not an infrared one and will not be achieved unless the parameters are
perfectly adjusted to the point at the matching scale.
In each of the restoration patterns, both ρ and A1 are expected to become massless, since the gauge coupling
vanishes at the restoration point. It is further expected that the vector meson becomes stable because the coupling
constant, gρpipi, also vanishes and the decay into pions is suppressed at the restoration point. Here we emphasize that
these results are universal to all restoration patterns. These three scenarios, however, are different in the violation
of the vector meson dominance. This difference will be reflected on the pion background in the spectrum of dilepton
decay from the vector meson. Two restoration patterns running into the VM fixed point are also distinguished through
the A1 spectrum near the restoration point owing to the different behavior of parameters at low energy.
Now, a crucial question is whether these fixed points are physically realized or not. It is determined if one can
reach the restoration points continuously as one approaches the critical temperature or density of chiral restoration.
The application to the system of finite temperature and/or density is our future problem.
We would like to mention here possible phenomenological consequences of the results of the present work. The
dropping of the ρ meson mass implies the threshold enhancement in the ρ meson spectrum at some temperature
and/or density because the ρ meson mass is expected to coincide with twice the pion mass, which is analogous to
the enhancement of the sigma spectrum [41] in the standard scenario studied within the linear sigma model [42, 43].
(Here, explicit breaking of chiral symmetry is taken into consideration and the pion is supposed to have a small finite
mass.)
Another point to be mentioned is that the GHLS model does not include the scalar meson, which becomes the
chiral partner of the pseudo-scalar meson in the standard scenario. To include the scalar meson in the analysis is
therefore another important future problem.
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Note added
After finishing up this work we became aware of similarly work by Harada and Sasaki [39]. Although their analysis
takes a different parameterization and gauge fixing from ours, obtained renormalization group equations and results
are consistent with our work.
APPENDIX A: GAUGE FIXING
We take a gauge fixing to calculate quantum corrections. We perform a Rξ like BRS quantization. The BRS
transformations are defined by
δBξV,A = iCVξV,A + iCAξA,V,
δBξM = i(CV − CA)ξM − iξM(CV + CA),
δBVµ = ∂µCV + i[CV, Vµ] + i[CA, Aµ] = DµCV,
δBAµ = ∂µCA + i[CV, Aµ] + i[CA, Vµ] = DµCA,
δBCV,A = i(CVCV,A + CACA,V),
δBC¯V,A = iBV,A,
δBBV,A = 0, (A.1)
where CV,A and C¯V,A are the Faddeev Popov ghost field, BV,A is the Nakanishi-Lautrup (NL) field, and
ξV,A =
1
2
(ξR ± ξL). (A.2)
We choose the gauge fixing function as follows
F = tr[C¯V(∂
µVµ + αVGV +
1
2
αVBV)] + tr[C¯A(∂
µAµ + αAGA +
1
2
αABA)], (A.3)
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where
GV =
aF 2pi
2i
(ξV − ξ†V),
GA =
βF 2pi
2i
(γ(ξA − ξ†A + ξM−)− ξM−),
ξM± =
1
2
(ξM ± ξ†M). (A.4)
We obtain the gauge-fixing and FP terms:
LGF + LFP = −iδBF,
LGF = 2tr[BV(∂µVµ + αVGV + 1
2
αVBV)] + 2tr[BA(∂
µAµ + αAGA +
1
2
αABA)],
LFP = 2itr[C¯V(∂µDµCV + αVG′V)] + 2itrC¯A(∂µDµCA + αAG′A)],
G′V = δBGV =
aF 2pi
2
(CVξV + ξ
†
VCV + CAξA + ξ
†
ACA),
G′A = δBGA =
βF 2pi
2
(γ(CVξA + ξ
†
ACV + CAξV + ξ
†
VCA + CVξM− − ξM−CV − CAξM+ − ξM+CA)
− (CVξM− − ξM−CV − CAξM+ − ξM+CA)). (A.5)
By integrating B, LGF becomes
LGF = − 1
αV
tr[(∂µVµ + αV(GV − 1
Nf
tr[GV])
2]− 1
αA
tr[(∂µAµ + αA(GA − 1
Nf
tr[GA]))
2]
= − 1
αV
tr[(∂µVµ)
2]− 1
αA
tr[(∂µAµ)
2]− 2tr[∂µVµGV]− 2tr[∂µAµGA]
− αV(tr[G2V]−
1
Nf
tr[GV]
2)− αA(tr[G2A]−
1
Nf
tr[GA]
2), (A.6)
where Nf is the number of flavor.
APPENDIX B: RENORMALIZATION
Counter terms from O(p4) Lagrangian are also necessary to cancel the divergences of one-loop diagrams in addition
to counter terms from O(p2) Lagrangian. First, we define the renormalized parameters in the O(p2) Lagrangian
denoted with the subscript r as:
pi = Z1/2pi pir, σ = Z
1/2
σ σr, p = Z
1/2
p pr + δpippir,
ρ = Z1/2ρ ρr, A1 = Z
1/2
A1
A1r, g
2 = Zgg
2
r
F 2pi = F
2
pir + δF 2pi , F
2
σ = F
2
σr + δF 2σ , F
2
p = F
2
pr + δF 2p , F
2
A1 = F
2
A1r + δF 2A1
,
(B.1)
where δpip is necessary to resolve pi−p mixing in the loop level. The counter term is defined δφ = 1−Zφ, where φ = pi,
p, ρ, A1, g. Zρ = ZA1 or δZρ = δZA1 is satisfied by the parity invariance of the Lagrangian. We explicitly evaluate
only the counter terms of O(p4) related to the vector and axial-vector current correlators. The relevant Lagrangian
is given by
L(4)z =
κ
2g2
tr[F (L)µν ξMF
(R)µνξ†M] +
z1 + z2
4
tr[(F (L)µν )2 + (F (R)µν )2] +
z1 − z2
2
tr[F (L)µν ξ†LξMξRF (R)µνξ†Rξ†MξL]
+
z3 + z4
4
tr[ξLF (L)µν ξ†LF (L)µν + ξRF (R)µν ξ†RF (R)µν ] +
z3 − z4
4
tr[F (L)µν ξ†LξMF (R)µνξ†MξL + F (R)µν ξ†Rξ†MF (L)µνξMξR].
(B.2)
We define renormalized parameters
κZρ = κr + δκ, z1,2 = zr1,2 + δz1,2 , z3,4Z
1
2
ρ Z
1
2
g = zr3,4 + δz3,4 . (B.3)
12
δabΠµνAA =
pi
+
σ
pi
+
p
σ
+
+
A1
σ
+
ρ
p
+
ρ
pi
.
FIG. 1: Contributions to ΠµνAA at one-loop.
APPENDIX C: ONE-LOOP CORRECTIONS
In this appendix, we evaluate some two point functions and their divergent part. We define A(m2), B(p,m21,m
2
2),
Bµ(p,m21,m
2
2), B
µν(p,m21,m
2
2), B˜
µν(p,m21,m
2
2) as follows:
A(m2) =
∫
d4k
i(2pi)4
1
m2 − k2 ,
B(p,m21,m
2
2) =
∫
d4k
i(2pi)4
1
(m21 − (k − p)2)(m22 − k2)
,
Bµ(p,m21,m
2
2) =
∫
d4k
i(2pi)4
kµ
(m21 − (k − p)2)(m22 − k2)
,
B˜µν(p,m21,m
2
2) =
∫
d4k
i(2pi)4
kµkν
(m21 − (k − p)2)(m22 − k2)
,
Bµν(p,m21,m
2
2) =
∫
d4k
i(2pi)4
(2k − p)µ(2k − p)ν
(m21 − (k − p)2)(m22 − k2)
. (C.1)
The quadratic divergence plays an important role in the Wilsonian renormalization group equations. We identify the
poles of D = 2 and D = 4 as the quadratic and logarithmic divergences after employing the dimensional regularization
to take into account the quadratic divergence following Refs [35], denoted as:
A ≡ Λ
2
(4pi)2
,
B ≡ 1
(4pi)2
ln Λ2. (C.2)
We evaluate the divergent part using A, B as follows
A(m2)|div = A−m2B,
B(p,m21,m
2
2)|div = B,
Bµ(p,m21,m
2
2)|div =
pµ
2
B,
Bµν(p,m21,m
2
2)|div = −gµν(2A− (m21 +m22)B)− Pµν
B
3
,
B˜µν(p,m21,m
2
2)|div =
1
4
(Bµν + pµpνB)
=
1
4
gµν
(−2A+ (m21 +m22)B)− Pµν B12 + 14pµpνB, (C.3)
where Pµν ≡ p2gµν − pµpν .
We take the Landau gauge (αV = αA = 0) in the following calculations of one-loop corrections.
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1. A−A
The contributions from each diagram shown in Fig. 1 are
(1) :
pi
= −(1 + βγ2 − a)NfδabgµνA(0), (C.4)
(2) :
ρ
pi
= −g2F 2pi (a− βγ2)2NfδabgµνB(p, 0,M2ρ ), (C.5)
(3) :
ρ
p
= −g2F 2piβγ2NfδabgµνB(p, 0,M2ρ ), (C.6)
(4) :
A1
σ
= −F
2
pi
a
β2γ2g2Nfδ
abgµνB(p, 0,M2A1), (C.7)
(5) :
p
σ
=
β
a
γ2Nfδ
abB˜µν(p, 0, 0), (C.8)
(6) :
σ
pi
=
1
a
Nfδ
ab
[
(βγ2 − a)2B˜µν(p, 0, 0)− βγ2(βγ2 − a)(Bµ(p, 0, 0)pν + pµBν(p, 0, 0))
+ β2γ4pµpνB(p, 0, 0)
]
. (C.9)
With Eq.(C.3) the divergent parts are given by
(1) : −Nfδabgµν(1 + βγ2 − a)A,
(2) : −Nfδabgµνg2F 2pi (a− βγ2)2
3
4
B,
(3) : −Nfδabgµνg2F 2piβγ2
3
4
B,
(4) : −Nfδabgµνg2F 2pi
β2γ2
a
3
4
B,
(5) :
β
a
γ2Nfδ
ab 1
4
(
−2gµνA− PµνB
3
+ pµpνB
)
,
(6) :
1
a
Nfδ
ab
(
(βγ2 − a)2 1
4
(
−2gµνA− PµνB
3
)
+
1
4
(βγ2 + a)2pµpνB
)
. (C.10)
The sum of divergent parts is given by
ΠµνAA|div = Nf
[
gµν
(
A
(
−(1 + βγ2 − a)− β
2a
γ2 − 1
2a
(βγ2 − a)2
)
− 3
4
g2F 2piB
(
(a− βγ2)2 + βγ2 + 1
a
β2γ2
))
− P
µν
12
B
(
β
a
γ2 +
1
a
(a− βγ2)2
)
+
1
4
pµpνB
(
β
a
γ2 +
1
a
(βγ2 + a)2
)]
. (C.11)
The divergences can be canceled by the following counterterms:
ΠµνAA|div = −(δF 2pi + δF 2A1 )g
µν − 2δZ2Pµν + δAApµpν , (C.12)
where we introduce the counterterm δAA to cancel the divergent part proportional to p
µpν . Such counterterm does
not exist in the Lagrangian of any order. This divergence looks accidental. However this divergence is automatically
canceled when one calculates an observable such as 〈TAµ(x)Aν(0)〉. Therefore one may simply drop this divergence.
2. V − V
The contributions from each diagram shown in Fig. 2 are
(1) :
pi
= (1 + βγ2 − a)NfδabgµνA(0), (C.13)
14
δabΠµνVV =
pi
+
pi
pi
+
σ
σ
+
p
p
+
p
pi
+
A1
pi
+
A1
p
+
ρ
σ
.
FIG. 2: Contributions to ΠµνVV at one-loop.
(2) :
pi
pi
=
1
8
(a(1− γ2)− 2)2NfδabBµν(p, 0, 0), (C.14)
(3) :
σ
σ
=
1
8
Nfδ
abBµν(p, 0, 0), (C.15)
(4) :
p
p
=
a2
8β2
Nfδ
abBµν(p, 0, 0), (C.16)
(5) :
p
pi
=
γ2
4β
Nfδ
ab((a− β)2Bµν(p, 0, 0) + pµpνβ2B(p, 0, 0)
+ 2(a− β)β(2pµBν(p, 0, 0)− pµpνB(p, 0, 0))), (C.17)
(6) :
A1
p
= −F
2
pia
2g2
β
Nfδ
abgµνB(p, 0,M2A1), (C.18)
(7) :
A1
pi
= −F 2pig2γ2(β − a)2NfδabgµνB(p, 0,M2A1), (C.19)
(8) :
ρ
σ
= −aF 2pig2NfδabgµνB(p, 0,M2ρ ). (C.20)
The divergent parts are
(1) :(1 + βγ2 − a)NfδabgµνA,
(2) :
1
8
(a(1− γ2)− 2)2Nfδab
(
−2gµνA− PµνB
3
)
,
(3) :
1
8
Nfδ
ab
(
−2gµνA− PµνB
3
)
,
(4) :
a2
8β2
Nfδ
ab
(
−2gµνA− PµνB
3
)
,
(5) :
γ2
4β
Nfδ
ab
(
(a− β)2
(
−2Agµν − PµνB
3
)
+ β2pµpνB
)
,
(6) :− F
2
pia
2g2
β
Nfδ
abgµν
3
4
B,
(7) :− F 2pig2γ2(β − a)2Nfδabgµν
3
4
B,
(8) :− aF 2pig2Nfδabgµν
3
4
B. (C.21)
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δabΠµνAA1 =
pi
+
p
+
σ
+
σ
pi
+
σ
p
+
ρ
p
+
ρ
pi
.
FIG. 3: Contributions to ΠµνAA1 at one-loop.
The sum of divergent parts is given by
ΠµνVV |div = Nf
[
gµν
(
A
(
(1 + βγ2 − a) + −1
4
(a(1 − γ2)− 2)2 − 1
4
− a
2
4β2
− γ
2
2β
(a− β)2)
)
− 3
4
F 2piB
(
a2g2
β
+ g2γ2(β − a)2 + ag2
))
− P
µν
24
B((a(1 − γ2)− 2)2 + 1 + a
2
β2
+
2γ2
β
(a− β)2) + pµpνB βγ
2
4
]
. (C.22)
The divergent part is canceled by following counter terms:
ΠµνVV |div = −δF 2σgµν − 2δz1Pµν , (C.23)
where we drop the divergent term proportional to pµpν .
3. A− A1
The contributions from each diagram shown in Fig. 3 are
(1) :
pi
=
−gγ
2
gµν(2a− β − βγ2)NfδabA(0), (C.24)
(2) :
p
=
gγ
2
gµνNfδ
abA(0), (C.25)
(3) :
σ
=
gγ
2
β
a
gµνNfδ
abA(0), (C.26)
(4) :
σ
pi
=
gγ
2a
1
4
Nfδ
ab
(
2(a− β)(βγ2 − a)Bµν(p, 0, 0)− 2(a+ βγ2)(a− βγ)pµpνB(p, 0, 0)
+ 4(βγ2 − a)(a− βγ)pνBµ(p, 0, 0)− 4(a− β)(a+ βγ2)pµBν(p, 0, 0)
−2 ((βγ2 − a)(a− βγ)− (a− β)(a+ βγ2)) pµpνB(p, 0, 0)) , (C.27)
(5) :
σ
p
=
gγ
2a
Nfδ
ab 1
4
(2aBµν(p, 0, 0)− 2(a− βγ)pµpνB(p, 0, 0)
+ 4(a− βγ)pνBµ(p, 0, 0)− 4apµBν(p, 0, 0) + 2βγpµpνB(p, 0, 0)) , (C.28)
(6) :
ρ
p
= aF 2piγ(β − a)g2Nfδab
(
gµνB(p, 0,M2ρ )−
1
M2ρ
(
B˜µν(p, 0,M2ρ )− B˜µν(p, 0, 0)
))
, (C.29)
(7) :
ρ
pi
= −gγF 2pi(a− βγ2)(β − a)g2Nfδab
(
gµνB(p, 0,M2ρ )−
1
M2ρ
(
B˜µν(p, 0,M2ρ )− B˜µν(p, 0, 0)
))
.
(C.30)
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δabΠµνVρ =
pi
+
p
+
σ
+
pi
pi
+
σ
σ
+
p
p
+
p
pi
+
A1
pi
+
A1
p
+
ρ
σ
.
FIG. 4: Contributions to ΠµνVρ at one-loop.
The divergent parts are given by
(1) :
−gγ
2
gµν(2a− β − βγ2)NfδabA,
(2) :
gγ
2
gµνNfδ
abA,
(3) :
gγ
2
β
a
gµνNfδ
abA,
(4) :
gγ
4a
Nfδ
ab
(
(a− β)(βγ2 − a)
(
−2gµνA− PµνB
3
)
− (a+ βγ2)(a− βγ)pµpνB
)
,
(5) :
gγ
2a
Nfδ
ab 1
4
(
2a
(
−2gµνA− PµνB
3
)
− 2(a− βγ)pµpνB
)
,
(6) :gF 2piγ(β − a)g2gµνNfδabB
3
4
,
(7) :− gγF 2pi(a− βγ2)(β − a)g2gµνNfδabB
3
4
. (C.31)
The sum of divergent parts is
ΠµνAA1
∣∣
div
= Nfgγ
[
gµν
(
A
2
(
−(2a− β − βγ2) + 1 + β
a
− 1
a
(a− β)(βγ2 − a)− 1
)
+ B
3
4
F 2pig
2
(
(β − a)− (a− βγ2)(β − a)))
−Pµν B
12
(
1
a
(a− β)(βγ2 − a) + 1
)
− pµpνB 1
4a
(a− βγ) (a+ βγ2 + 1)] . (C.32)
The divergences are canceled out by the following counterterms:
ΠµνAA1
∣∣
div
= gµν
gFpFA1
2
(
δF 2A1
F 2A1
+ δZA1
δF 2p
F 2p
+ δZg
)
− 2gδz4Pµν . (C.33)
where we drop the divergent term proportional to pµpν .
4. V − ρ
The contributions from each diagram shown in Fig. 4 are
(1) :
pi
= −1
2
g(2βγ2 − aγ2 − a)NfδabgµνA(0), (C.34)
(2) :
p
=
1
2
g
a
β
Nfδ
abgµνA(0), (C.35)
(3) :
σ
=
1
2
gNfδ
abgµνA(0), (C.36)
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(4) :
pi
pi
=
1
8
ag(1− γ2)(2− a(1− γ2))NfδabBµν(p, 0, 0), (C.37)
(5) :
σ
σ
=
1
8
gNfδ
abBµν(p, 0, 0), (C.38)
(6) :
p
p
=
(2β − a)
8β2
agNfδ
abBµν(p, 0, 0), (C.39)
(7) :
p
pi
=
−γg
4β
Nfδ
ab(γ(a− β)2Bµν(p, 0, 0)− β(a− βγ)pµpνB(p, 0, 0)
− 2βγ(a− β)pµBν + 2(a− β)(a − βγ)pνBµ − (a− β)(a− 2βγ)pµpνB), (C.40)
(8) :
A1
pi
= F 2pig
3γ2(β − a)2Nfδab
(
gµνB(p, 0,M2A1)−
1
M2A1
(
B˜µν(p, 0,M2A1)− B˜µν(p, 0, 0)
))
,
(C.41)
(9) :
A1
p
= −F 2pig3
a
β
(β − a)Nfδab
(
gµνB(p, 0,M2A1)−
1
M2A1
(
B˜µν(p, 0,M2A1)− B˜µν(p, 0, 0)
))
,
(C.42)
(10) :
ρ
σ
= 0. (C.43)
The divergent parts are given by
(1) :− 1
2
g(2βγ2 − aγ2 − a)NfδabgµνA,
(2) :
1
2
g
a
β
Nfδ
abgµνA,
(3) :
1
2
gNfδ
abgµνA,
(4) :
1
8
ag(1− γ2)(2− a(1− γ2))Nfδab
(
−2gµνA− PµνB
3
)
,
(5) :
1
8
gNfδ
ab
(
−2gµνA− PµνB
3
)
,
(6) :
(2β − a)
8β2
agNfδ
ab
(
−2gµνA− PµνB
3
)
,
(7) :
−γg
4β
Nfδ
ab
(
γ(a− β)2
(
−2gµνA− PµνB
3
)
+ β(βγ − a)pµpνB
)
,
(8) :gNfδ
abgµνγ2(β − a)2 3
4
F 2pig
2B,
(9) :− g a
β
(β − a)NfδabF 2pig2
3
4
B,
(10) :0. (C.44)
The sum of divergent parts is given by
ΠµνVρ = gNf
[
gµν
(
A
(
1
2
− βγ2 + 1
2
aγ2 +
1
2
a+
a
2β
+
−1
4
a(1 − γ2)(2 − a(1− γ2))
− 1
4
− (2β − a)
4β2
a+
γ2
2β
(a− β)2
)
+
3
4
F 2pig
2B
(
γ2(β − a)2 − a
β
(β − a)
))
− Pµν B
24
(
a(1 − γ2)(2 − a(1− γ2)) + 1 + (2β − a)
β2
a+
−2γ2
β
(a− β)2
)
−pµpνBγ
4
(βγ − a)
]
. (C.45)
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δabΠµνρρ =
pi
+
p
+
σ
+
ρ
+
A1
+
pi
pi
+
p
p
+
σ
σ
+
p
pi
+
A1
pi
+
ρ
σ
+
A1
p
+
ρ
ρ
+
A1
A1
+
CV
CV
+
CA
CA
.
FIG. 5: Contributions to Πµνρρ at one-loop.
The divergence is canceled by the following counterterms:
ΠµνVρ
∣∣∣
div
=
F 2σg
2
(
2
δF 2σ
F 2σ
+ δZg + δZρ
)
gµν − 2gδZ4Pµν . (C.46)
where we drop the divergent term proportional to pµpν .
5. ρ− ρ
The contributions from each diagram shown in Fig. 5 are
(1) :
pi
= −g2(a− β)γ2NfδabgµνA(0), (C.47)
(2) :
p
=
−g2
β
(a− β)NfδabgµνA(0), (C.48)
(3) :
σ
= 0, (C.49)
(4) :
ρ
= g2Nfδ
abgµν
(D − 1)2
D
A(M2ρ ), (C.50)
(5) :
A1
= g2Nfδ
abgµν
(D − 1)2
D
A(M2A1), (C.51)
(6) :
pi
pi
=
1
8
a2g2(1 − γ2)2NfδabBµν(p, 0, 0), (C.52)
(7) :
p
p
=
1
8β2
(2β − a)2g2NfδabBµν(p, 0, 0), (C.53)
(8) :
σ
σ
=
1
8
g2Bµν(p, 0, 0), (C.54)
(9) :
p
pi
=
1
4β
g2Nfδ
ab(γ2(a− β)2Bµν(p, 0, 0) + (βγ − a)2pµpνB(p, 0, 0)
+ 2γ(β − a)(βγ − a)(pµBν(p, 0, 0) + pνBµ(p, 0, 0)− pµpνB(p, 0, 0))), (C.55)
19
(10) :
A1
pi
= −F 2pi (β − a)2γ2g4Nfδab
(
gµνB(p, 0,M2A1)−
1
M2A1
(
B˜µν(p, 0,M2A1)− B˜µν(p, 0, 0)
))
,
(C.56)
(11) :
ρ
σ
= 0, (C.57)
(12) :
A1
p
= −F
2
pi
β
(β − a)2g4Nfδab
(
gµνB(p, 0,M2A1)−
1
M2A1
(
B˜µν(p, 0,M2A1)− B˜µν(p, 0, 0)
))
,
(C.58)
(13) :
ρ
ρ
=
1
2
g2Nfδ
ab
∫
d4k
i(2pi)4
1
((k − p)2 −M2ρ )(k2 −M2ρ )
× {−2pρgµσ + 2pσgµρ + (p− 2k)µgρσ}{−2pρ′gνσ′ + 2pσ′gνρ′ + (p− 2k)νgρ′σ′}
× (gρρ′ − kρkρ
′
k2
)(gσσ′ − (k − p)σ(k − p)σ
′
(k − p)2 ), (C.59)
(14) :
A1
A1
=
1
2
g2Nfδ
ab
∫
d4k
i(2pi)4
1
((k − p)2 −M2A1)(k2 −M2A1)
× {−2pρgµσ + 2pσgµρ + (p− 2k)µgρσ}{−2pρ′gνσ′ + 2pσ′gνρ′ + (p− 2k)νgρ′σ′}
× (gρρ′ − kρkρ
′
k2
)(gσσ′ − (k − p)σ(k − p)σ
′
(k − p)2 ), (C.60)
(15) :
CV
CV
=
−g2
4
Nfδ
ab(Bµν (p, 0, 0)− pµpνB(p, 0, 0)), (C.61)
(16) :
CA
CA
=
−g2
4
Nfδ
ab(Bµν (p, 0, 0)− pµpνB(p, 0, 0)), (C.62)
where D is the space-time dimension. To keep the gauge invariance we take D → 4 after the sum of diagram.
The divergent parts are given by
(1) : −g2(a− β)γ2NfδabgµνA,
(2) :
−g2
β
(a− β)Nf δabgµνA,
(3) : 0,
(4) : g2Nfδ
abgµν
(D − 1)2
D
A(M2ρ ),
(5) : g2Nfδ
abgµν
(D − 1)2
D
A(M2A1),
(6) :
1
8
a2g2(1− γ2)2Nfδab
(
−2gµνA− PµνB
3
)
,
(7) :
1
8β2
(2β − a)2g2Nfδab
(
−2gµνA− PµνB
3
)
,
(8) :
1
8
g2Nfδ
ab
(
−2gµνA− PµνB
3
)
,
(9) :
1
4β
g2Nfδ
ab
(
gµν(−2γ2(a− β)2A+ (βγ − a)2p2B)− Pµν
(
γ2(a− β)2
3
+ (βγ − a)2
)
B
)
,
(10) : −F 2pi (β − a)2γ2g2g2Nfδabgµν
3
4
B,
(11) : 0,
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(12) : −F
2
pi
β
(β − a)2g2g2Nfδabgµν 3
4
B,
(13) :
1
2
g2Nfδ
ab
(
Pµν
14
3
B − 2(D − 1)gµνA(M2ρ )−
p2gµν
2
B
)
,
(14) :
1
2
g2Nfδ
ab
(
Pµν
14
3
B − 2(D − 1)gµνAM2A1 −
p2gµν
2
B
)
,
(15) : −g
2
4
Nfδ
ab
(
−gµν(2A+ p2B) + Pµν 2B
3
)
,
(16) : −g
2
4
Nfδ
ab
(
−gµν(2A+ p2B) + Pµν 2B
3
)
. (C.63)
The divergent part including the internal line of ρ is given by
(4) + (13) + (15) = g2Nfδ
ab
[
gµν
(
(D − 1)2
D
A(M2ρ )− (D − 1)A(M2ρ )−
p2
4
B +
1
4
(2A+ p2B)
)
+ Pµν
(
7
3
B − 1
4
2B
3
)]
= g2Nfδ
ab
[
gµν
(
1
D
(1− 1
2
D)A(M2ρ )−
1
2
A(M2ρ ) +
1
2
A
)
+ Pµν
13
6
B
]
= g2Nfδ
ab
[
gµν
3
4
M2ρB + P
µν 13
6
B
]
, (C.64)
where we take D → 4 and use
lim
D→4
1
D
(1− 1
2
D)A(M2ρ ) =
1
4
M2ρB. (C.65)
Similarly the divergent part including the internal line of A1 is
(5) + (14) + (16) = g2Nfδ
ab
[
gµν
3
4
M2A1B + P
µν 13
6
B
]
. (C.66)
The sum of divergent part is given by
Πµνρρ
∣∣
div
= g2Nfδ
ab
[
gµν
(
A
(
−(a− β)γ2 + −1
β
(a− β)− 1
4
a2(1− γ2)2 − 1
4β2
(2β − a)2 − 1
4
+
−γ2(a− β)2
2β
)
− F 2pig2
3
4
B
(
(β − a)2 1
β
(βγ2 + 1)− (a+ β)
))
+ PµνB
(
13
3
+
1
24
(
−a2(1− γ2)2 − 1
β2
(2β − a)2 − 1− 2γ
2(a− β)2
β
− 6
β
(βγ − a)2
))]
.
(C.67)
The divergent part is canceled out by the following counterterms:
Πµνρρ
∣∣
div
= −(M2ρ (δZg + δZρ) + g2δF 2σ )gµν + (δZρ + 2δκ)Pµν . (C.68)
6. A1 − A1
The contributions from each diagram shown in Fig. 6 are
(1) :
pi
= g2(a− β)γ2NfδabgµνA(0), (C.69)
(2) :
p
=
g2
β
(a− β)Nf δabgµνA(0), (C.70)
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ΠµνA1A1 =
pi
+
p
+
σ
+
ρ
+
A1
+
σ
pi
+
σ
p
+
A1
σ
+
ρ
pi
+
ρ
p
+
A1
ρ
+
CA
CV
.
FIG. 6: Contributions to ΠµνA1A1 at one-loop.
(3) :
σ
= 0, (C.71)
(4) :
ρ
= g2Nfδ
abgµν
(D − 1)2
D
A(M2ρ ), (C.72)
(5) :
A1
= g2Nfδ
abgµν
(D − 1)2
D
A(M2A1), (C.73)
(6) :
σ
pi
=
g2γ2
4a
Nfδ
ab((a− β)2Bµν(p, 0, 0) + (βγ − a)2pµpνB(p, 0, 0)
+ 2(β − a)(βγ − a)(pµBν(p, 0, 0) + pνBµ(p, 0, 0)− pµpνB(p, 0, 0))), (C.74)
(7) :
σ
p
=
g2
4aβ
Nfδ
ab(a2Bµν(p, 0, 0) + (βγ − a)2pµpνB(p, 0, 0)
+ 2a(a− βγ)(pµBν(p, 0, 0) + pνBµ(p, 0, 0)− pµpνB(p, 0, 0)), (C.75)
(8) :
A1
σ
= 0, (C.76)
(9) :
ρ
pi
= −F 2pi (β − a)2γ2g4Nfδab
(
gµνB(p, 0,M2ρ )−
1
M2ρ
(
B˜µν(p, 0,M2ρ )− B˜µν(p, 0, 0)
))
, (C.77)
(10) :
ρ
p
= −F
2
pi
β
(β − a)2g4Nfδab
(
gµνB(p, 0,M2ρ )−
1
M2ρ
(
B˜µν(p, 0,M2ρ )− B˜µν(p, 0, 0)
))
, (C.78)
(11) :
A1
ρ
= g2Nfδ
ab
∫
d4k
i(2pi)4
1
((k − p)2 −M2ρ )(k2 −M2A1)
× {−2pρgµσ + 2pσgµρ + (p− 2k)µgρσ}{−2pρ′gνσ′ + 2pσ′gνρ′ + (p− 2k)νgρ′σ′}
× (gρρ′ − kρkρ
′
k2
)(gσσ′ − (k − p)σ(k − p)σ
′
(k − p)2 ), (C.79)
(12) :
CA
CV
=
−g2
2
Nfδ
ab(Bµν(p, 0, 0)− pµpνB(p, 0, 0)). (C.80)
The divergent parts are given by
(1) : g2(a− β)γ2NfδabgµνA,
(2) :
g2
β
(a− β)NfδabgµνA,
(3) : 0,
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−δabΠpipi =
pi
+
p
+
σ
+
ρ
+
A1
+
σ
pi
+
p
σ
+
ρ
pi
ρ
p
+
A1
σ
+
ρ
A1
.
FIG. 7: Contributions to Πpipi at one-loop.
(4) : g2Nfδ
abgµν
(D − 1)2
D
(A−M2ρB),
(5) : g2Nfδ
abgµν
(D − 1)2
D
(A−M2A1B),
(6) :
g2γ2
4a
Nfδ
ab
(
−2gµν(a− β)2A− Pµν 1
3
(a− β)2B + (βγ − a)2pµpνB
)
,
(7) :
g2
4aβ
Nfδ
ab
(
−2a2Agµν − Pµν a
2
3
B + (βγ − a)2pµpν
)
,
(8) : 0,
(9) : −NfδabF 2pi (β − a)2γ2g4gµν
D − 1
D
B,
(10) : −NfδabF
2
pi
β
(β − a)2g4gµνD − 1
D
B,
(11) : Nfδ
abg2
(
Pµν
14
3
B − 2gµνA+ 3gµν(M2ρ +M2A1)B −
gµνp2
2
B
)
,
(12) : −g
2
2
Nfδ
ab
(
−gµν(2A+ p2B) + Pµν 2B
3
)
. (C.81)
(4) + (5) + (11) + (12) = g2Nfδ
ab
[
gµν
3
4
(M2ρ +M
2
A1)B + P
µν 13
3
B
]
. (C.82)
The sum of divergent parts is given by
ΠµνA1A1
∣∣
div
= g2Nfδ
ab
[
gµν
(
A
(
(a− β)γ2 + 1
β
(a− β)− γ
2
2a
(a− β)2 − a
2β
)
− 3
4
F 2pig
2B((β − a)2γ2 + 1
β
(β − a)2 − (a+ β))
)
+ PµνB
(
13
3
− 1
12
γ2
a
(a− β)2 + 3γ
2
a
(βγ − a)2 + 1
aβ
a2 + 3
1
aβ
(βγ − a)2
)]
. (C.83)
The divergent part is canceled out by the following counterterms:
ΠµνA1A1
∣∣
div
= −(M2A1(δZg + δZA1 ) + g2δF 2p )gµν + (δZρ − 2δκ)Pµν . (C.84)
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7. pi − pi
The contributions from each diagram shown in Fig. 7 are
(1) :
pi
= −4− 3a(1− γ
2)2
12
p2
F 2pi
Nfδ
abA(0), (C.85)
(2) :
σ
=
βγ2
a
p2
F 2pi
Nfδ
abA(0), (C.86)
(3) :
p
=
aγ2
4β
p2
F 2pi
Nfδ
abA(0), (C.87)
(4) :
ρ
= −g2(a− β)γ2Nfδab(1−D)A(M2ρ ), (C.88)
(5) :
A1
= g2(a− β)γ2δabNf (1−D)A(M2A1), (C.89)
(6) :
σ
pi
=
a(1 − γ2)2
4
p2
F 2pi
Nfδ
ab(A(0) + p2B(p, 0, 0)), (C.90)
(7) :
p
σ
=
γ2
4aβ
p2
F 2pi
Nfδ
ab((−4βa− 2β2 + a2)A(0) + (β − a)2p2B(p, 0, 0)), (C.91)
(8) :
ρ
pi
= −g2a2(1− γ2)2Nfδab
(
p2B(p, 0,M2ρ )−
pµpν
M2ρ
(
B˜µν(p, 0,M
2
ρ )− B˜µν(p, 0, 0)
))
, (C.92)
(9) :
ρ
p
=
−1
β
g2(a− β)2γ2Nfδab
(
p2B(p, 0,M2ρ )−
pµpν
M2ρ
(
B˜µν(p, 0,M
2
ρ )− B˜µν(p, 0, 0)
))
, (C.93)
(10) :
A1
σ
=
−γ2
a
g2(β − a)2Nfδab
(
p2B(p, 0,M2A1)−
pµpν
M2A1
(
B˜µν(p, 0,M
2
A1)− B˜µν(p, 0, 0)
))
, (C.94)
(11) :
ρ
A1
= F 2pig
4(β − a)2γ2Nfδab
(
(D − 1)B(p,M2ρ ,M2A1)−
p2
M2A1
(
B(p,M2A1 ,M
2
ρ )−B(p, 0,M2ρ )
)
+
pµpν
M2A1M
2
ρ
(B˜µν(p,M
2
A1 ,M
2
ρ )− B˜µν(p, 0,M2ρ ))
)
. (C.95)
The divergent parts are give by
(1) :− 4− 3a(1− γ
2)2
12
p2
F 2pi
Nfδ
abA,
(2) :
βγ2
a
p2
F 2pi
Nfδ
abA,
(3) :
γ2
β
1
4
a
p2
F 2pi
Nfδ
abA,
(4) :g2(a− β)γ2Nfδab(D − 1)(A−M2ρB),
(5) :− g2(a− β)γ2Nfδab(D − 1)(A−M2A1B),
(6) :
a(1− γ2)2
4
p2
F 2pi
Nfδ
ab(A+ p2B),
(7) :
γ2
4aβ
p2
F 2pi
Nfδ
ab((a2 − 2β2 − 4aβ)A+ (β − a)2p2B),
(8) :− p2g2a2(1− γ2)2Nfδab 3
4
B,
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δabΠpip =
pi
+
p
+
σ
+
ρ
+
A1
+
σ
pi
+
p
σ
+
ρ
pi
ρ
p
+
A1
σ
+
ρ
A1
.
FIG. 8: Contributions to Πpip at one-loop.
(9) :
−p2
β
g2Nfδ
ab(a− β)2γ2 3
4
B,
(10) :
−p2γ2
a
g2Nfδ
ab(β − a)2 3
4
B,
(11) :F 2pig
4(β − a)2γ2Nfδab(D − 1)B. (C.96)
The sum of divergent parts is given by
Πpipi |div = −Nf
p2
F 2pi
[
A
(
−4− 3a(1− γ
2)2
12
+
βγ2
a
+
γ2
β
1
4
a+
a(1− γ2)2
4
+
γ2
4aβ
(−4βa− 2β2 + a2)
)
−BF 2pig2
3
4
(
a2(1− γ2)2 + γ2(a− β)2( 1
β
+
1
a
)
)
+
1
4
p2B
(
a(1− γ2)2 + γ
2
aβ
(β − a)2
)]
. (C.97)
The divergences are canceled out by the following counterterms:
Πpipi|div = p2(δZpi + p2δ4pipi), (C.98)
where δ4pipi is the counter term from the O(p4) Lagrangian.
8. pi − p
The contributions from each diagram shown in Fig. 8 are
(1) :
pi
= − γ
2
√
β
2β − 3a
6
(1− γ2) p
2
F 2pi
Nfδ
abA(0), (C.99)
(2) :
σ
=
γ
2
√
β
β
a
p2
F 2pi
Nfδ
abA(0), (C.100)
(3) :
p
=
γ
2
√
β
a− 2β
6β
p2
F 2pi
Nfδ
abA(0), (C.101)
(4) :
ρ
=
γ
2
√
β
2g2(a− β)3NfδabA(M2ρ ), (C.102)
(5) :
A1
=
γ
2
√
β
2g2(β − a)3NfδabA(M2A1), (C.103)
(6) :
σ
pi
=
γ
2
√
β
−1
2
(1 − γ2) p
2
F 2pi
Nfδ
ab((a+ 2β)A(0) + (a+ β)p2B(p, 0, 0)), (C.104)
(7) :
p
σ
=
γ
2
√
β
1
2β
p2
F 2pi
Nfδ
ab((a− 2β)A(0) + (a− β)p2B(p, 0, 0)), (C.105)
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(8) :
ρ
pi
=
γ
2
√
β
2g2a(1− γ2)(a− β)Nfδab
(
p2B(p, 0,M2ρ )−
pµpν
M2ρ
(
B˜µν(p, 0,M
2
ρ )− B˜µν(p, 0, 0)
))
,
(C.106)
(9) :
ρ
p
=
γ
2
√
β
2g2
(2β − a)
β
(a− β)Nfδab
(
p2B(p, 0,M2ρ )−
pµpν
M2ρ
(
B˜µν(p, 0,M
2
ρ )− B˜µν(p, 0, 0)
))
,
(C.107)
(10) :
A1
σ
=
γ
2
√
β
2g2(β − a)Nfδab
(
p2B(p, 0,M2ρ )−
pµpν
M2ρ
(
B˜µν(p, 0,M
2
ρ )− B˜µν(p, 0, 0)
))
, (C.108)
(11) :
ρ
A1
=
γ
2
√
β
2g4F 2pi (a− β)2Nfδab
(
3B(p,M2ρ ,M
2
A1)−
p2
M2A1
(
B(p,M2A1 ,M
2
ρ )−B(p, 0,M2ρ )
)
+
pµpν
M2A1M
2
ρ
(B˜µν(p,M
2
A1 ,M
2
ρ )− B˜µν(p, 0,M2ρ ))
)
. (C.109)
The divergent parts are given by
(1) :
γ
2
√
β
2β − 3a
6
(1− γ2) p
2
F 2pi
Nfδ
abA,
(2) :
γ
2
√
β
β
a
p2
F 2pi
Nfδ
abA,
(3) :
γ
2
√
β
a− 2β
6β
p2
F 2pi
Nfδ
abA,
(4) :
γ
2
√
β
2g2(a− β)3Nfδab(A−M2ρB),
(5) :
γ
2
√
β
2g2(β − a)3Nfδab(A−M2A1B),
(6) :
γ
2
√
β
−1
2
(1 − γ2) p
2
F 2pi
Nfδ
ab((a+ 2β)A+ (a+ β)p2B),
(7) :
γ
2
√
β
1
2β
p2
F 2pi
Nfδ
ab((a− 2β)A+ (a− β)p2B),
(8) :
γ
2
√
β
g2a(1− γ2)(a− β)Nfδabp2 3
2
B,
(9) :g2
(2β − a)
β
(a− β)Nfδabp2 3
2
B,
(10) :
g2γ
2
√
β
(β − a)Nfδabp2 3
2
B,
(11) :
γ
2
√
β
2g4F 2pi (a− β)23NfδabB. (C.110)
The sum of divergent parts is given by
Πpip|div =
γ
2
√
β
p2
F 2pi
Nfδ
ab
[
A
(
(
1
3
β − 1
2
a)(1 − γ2) + β
a
+
−1
β
(
1
3
β − 1
2
a)− (1− γ2)1
2
(a+ 2β) +
1
2β
(a− 2β)
)
+ 2F 2pi
3
4
g2B
(
−a(1− γ2)(β − a) + (2β − a)
β
(a− β) + (β − a)
)
+
p2
2
B(−(1− γ2)(a+ β) + 1
β
(a− β))
]
. (C.111)
The divergences are canceled out by the following counterterms:
Πpip|div = p2(−δpip + p2δ4pip), (C.112)
where δ4pip is the counterterm from O(p4).
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APPENDIX D: RENORMALIZATION GROUP EQUATIONS
The renormalization group equation for the parameter λi = F
2
pi , a, β, ..., at one loop is given by
µ
dλi
dµ
= Λ
dδλi
dΛ
∣∣∣∣
Λ=µ
, (D.1)
where δλi is counter term for λi. From Eqs.(C.12), (C.23), (C.33), (C.46), (C.68), (C.84), (C.98) and (C.112), we
obtain the renormalization group equations as follows:
µ
dF 2pi
dµ
=
2Nf
(4pi)2
[
µ2
(
1− a
2
+ γ2 + aγ2 − aγ
2
2β
− βγ
2
2a
− aγ
4
2
)
+
3
4
F 2pig
2
(
a2 − aγ2 − 2a2γ2 + a
2γ2
β
− βγ2 + β
2γ2
a
+ a2γ4
)]
,
µ
dF 2σ
dµ
=
2Nf
(4pi)2
[
µ2
(
1
4
+
a2
4
+
a2
4β2
− a
2γ2
2
+
a2γ2
2β
− βγ
2
2
+
a2γ4
4
)
+
3
4
F 2pig
2
(
a+
a2
β
+ a2γ2 + β2γ2 − 2aβγ2
)]
,
µ
dF 2A1
dµ
=
2Nf
(4pi)2
γ2
[
µ2
(
−1− a+ a
2β
+
β
a
+
aγ2
2
+
β2γ2
2a
)
+
3
4
F 2pig
2
(
a+ 2a2 − a
2
β
− 2aβ − a2γ2 + β2γ2 + 2β
)]
,
µ
dF 2p
dµ
=
2Nf
(4pi)2
[
µ2
(
1− a
2β
− aγ
2
2
+
β2γ2
2a
)
+
3
4
F 2pig
2
(
−3a+ a
2
β
+ 4β + a2γ2 − 2aβγ2 + β2γ2
)]
,
µ
dg2
dµ
= −2g4 Nf
(4pi)2
[
22
3
− 1
48
(
5 + a2 +
a2
b2
− 2a
β
− 2aγ2 − 2a2γ2 + 2a
2γ2
β
− 2βγ2 + 2β
2γ2
a
+ a2γ4
)]
,
µ
dz1
dµ
=
Nf
(4pi)2
1
24
(
5− 4a+ a2 + a
2
β2
− 2a2γ2 + 2a
2γ2
β
+ 2βγ2 + a2γ4
)
,
µ
dz2
dµ
=
Nf
(4pi)2
1
12
(
a− 2βγ2 + βγ
2
a
+
β2γ4
a
)
,
µ
dz3
dµ
=
Nf
(4pi)2
1
12
(
1 + 2a− a2 − a
2
β2
+
2a
β
+ 2aγ2 + 2a2γ2 − 2a
2γ2
β
− 2βγ2 − a2γ4
)
µ
dz4
dµ
=
Nf
(4pi)2
1
6
γ
(
1− a+ β + βγ2 − β
2γ2
a
)
,
µ
dκ
dµ
=
Nf
(4pi)2
g2
48
(
−5− a2 − a
2
β2
+
6a
β
+ 6aγ2 + 2a2γ2 − 2a
2γ2
β
− 6βγ2 + 2β
2γ2
a
− a2γ4
)
(D.2)
We define the parameter to calculate the RGEs for the dimensionless parameter for convenience:
x(µ) =
Nf
(4pi)2
µ2
F 2pi
,
G(µ) =
Nf
(4pi)2
g2. (D.3)
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The beta functions for the dimensionless parameters x, a, β, γ2, G are given by
βx = x(2− 1
F 2pi
µ
dF 2pi
dµ
),
βa =
1
F 2pi
(µ
dF 2σ
dµ
− µdF
2
pi
dµ
a),
ββ =
1
F 2pi
(µ
dF 2p
dµ
− µdF
2
pi
dµ
β),
βγ2 =
1
βF 2pi
(µ
dF 2A1
dµ
− µdF
2
p
dµ
γ2),
βG =
Nf
(4pi)2
µ
dg2
dµ
. (D.4)
We obtain the RGEs in Eq.(4.3) by combining Eqs.(D.2) and (D.4).
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